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Abstrat This paper onsiders volume averaging in the quasispherial Szek-
eres model. The volume averaging beame of onsiderable interest after it was
shown that the volume aeleration alulated within the averaging frame-
work an be positive even when the loal expansion rate deelerates. This
issue was intensively studied within spherially symmetri models. However,
sine our Universe is not spherially symmetri similar analysis is needed in
non-symmetrial models. This papers presents the averaging analysis within
the quasispherial Szekeres model whih is a non-symmetrial generalisation
of the spherially symmetri LemaîtreTolman family of models. In the qua-
sispherial Szekeres model the distribution of mass over a surfae of onstant
t and r has the form of a mass-dipole superposed on a monopole. This paper
shows that when alulating the volume aeleration, a¨, within the Szekeres
model, the dipole does not ontribute to the nal result, hene a¨ only de-
pends on a monopole onguration. Thus, the volume averaging within the
Szekeres model leads to literally the same solutions as those obtained within
the LemaîtreTolman model.
PACS 98.80-k, 95.36.+x, 98.65.Dx
1 Introdution
In the standard approah to osmology it is assumed that the Universe an be
desribed by the homogeneous Friedmann model. Within suh a framework in
order to orretly desribe osmologial observations one needs to postulate
the existene of dark energy, whih in its simplest form an be represented
by a osmologial onstant. However, our Universe on sales up to at least
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2100 Mp is very inhomogeneous. Thus, it an evolve dierently than the
homogeneous model. The dierene between evolution of the homogeneous
model and the inhomogeneous Universe is known as a bakreation eet.
The diret study of the dynamial eets of inhomogeneities is diult sine
both general matter distribution and the numerial evolution of osmologial
models employing the full Einstein equations are unavailable at the level of
detail whih would make them useful in studying this problem. Currently,
therefore, one of the most popular approahes to bakreation is via averaging
methods.
In the averaging approah to bakreation, one onsiders a solution to the
Einstein equations for a general matter distribution and then an average of
various observable quantities is taken. If several assumptions are introdued
(see Se. 2), the averaging leads to the Buhert equations. For a review on
bakreation and the Buhert averaging sheme the reader is referred to [3,
4℄. Within the Buhert averaging sheme there are a number of examples
where it was shown by using spherially symmetri inhomogeneous models
that one an obtain negative values of the volume deeleration parameter
even if Λ = 0 [5,6,7,8,9,10℄.
However, we should be aware that the results of averaging an be gauge-
depended [11℄. Another problem regarding an appliation of spherial sym-
metri models is the problem with the age of the Universe. Within the models
studied in [10℄ those of realisti density distribution and with q < 0 had very
large values of the tB funtion, of amplitude 10
10
y (this means that the
age of the Universe within suh models is unrealistially small
1
). This fea-
ture, however, an be an artefat of assumed spherial symmetry. Therefore,
it is of great importane to study averaging in non-symmetrial inhomoge-
neous models. One of the immediate andidates is the Szekeres model [17℄.
The Szekeres model is a generalisation of the LemaitreTolman model that
has no symmetry [20℄. Within the quasispherial Szekeres model one an de-
sribe two [21℄ or even three strutures [22℄. Thus, the Szekeres model not
only allows us to study how osmi strutures aet their evolution but also
enables the examination of the volume aeleration of suh systems whih
onsist of several strutures. This paper, therefore, addresses the subjet of
volume averaging in the Szekeres model.
2 Buhert equations
Sine the Buhert averaging sheme involves the volume average it applies to
averaging of salars only  volume averaging of tensors leads to nonovariant
quantities (for a review and a detailed disussion about tensor averaging the
reader is referred to [16℄). The average of a salar Ψ is then equal to
〈Ψ〉D = 1
VD
∫
D
d3x
√
−h Ψ. (1)
1
This, however, does not apply to the two-sale averaging approah. For details
on the two-sale models see works by Räsänen [12℄ or Wiltshire [13,14,15℄.
3where h is a determinant of a 3D spatial metri, hαβ = gαβ − uαuβ ; D is a
domain of averaging, and VD its volume,
VD =
∫
D
d3x
√
−h. (2)
The Buhert equations are obtained if the following are assumed
 the Universe is lled with an irrotational dust only,
 the metri is of the form ds2 = dt2 − gijdxidxj (3+1 ADM spae-time
foliation with a onstant lapse and a vanishing shift vetor).
Then by averaging the Rayhaudhuri equation we obtain [1℄
3
a¨D
aD
= −4pi〈ρ〉D +QD, (3)
where a dot (˙) denotes ∂t; the sale fator aD is dened as a ube root of the
volume
aD = (VD/VDi)
1/3, (4)
(where VDi is an initial volume); and the bakreation term QD is given by
QD ≡ 2
3
(〈Θ2〉D − 〈Θ〉2D)− 2〈σ2〉D, (5)
where Θ is the salar of expansion and σ is the shear salar. Averaging of the
Hamiltonian onstraint leads to [1℄
3
a˙2
D
a2
D
= 8pi〈ρ〉D − 1
2
〈R〉D − 1
2
QD, (6)
where 〈R〉D is an average of the spatial Rii salar (3)R. The above is
ompatible with (3) if the integrability ondition holds
1
a6
D
∂t
(QDa6D)+ 1a2
D
∂t
(〈R〉Da2D) = 0. (7)
Equations (3) and (6) are very similar to the Friedmann equations, where
QD = 0, and ρ and R depend on time only. In fat, it an be shown that
they are kinematially equivalent to Friedmann equations with a salar eld
[2℄.
Using (3) and (6) we an alulate the deeleration parameter
q ≡ − a¨DaD
a˙2
D
= − −4piG〈ρ〉D +QD
8piG〈ρ〉D − 12 〈R〉D − 12QD
. (8)
In the standard approah to osmology where Friedmann models are em-
ployed the ase of q < 0 implies that Λ > 0. However, as it was shown within
inhomogeneous but isotropi models [5,6,7,8,9,10℄ we an have q < 0 even
if Λ = 0. This suggest that the apparent aeleration of the Universe might
be explained not by invoking dark energy but by taking into aount mat-
ter inhomogeneities. In Se. 4 we will examine this issue by employing the
non-symmetrial Szekeres model.
43 The Szekeres model
The metri of the Szekeres model is of the following form [17℄
ds2 = dt2 −X2dr2 − Y 2(dx2 + dy2). (9)
For our purpose it is more onvenient to adopt a pair of omplex onjugate
oordinates
ζ = x+ iy, ζ¯ = x− iy, (10)
so that the metri beomes
ds2 = dt2 −X2dr2 − Y 2dζdζ¯ . (11)
where
X =
E(r, ζ, ζ¯)Y ′(t, r, ζ, ζ¯)√
ε− k(r) , Y =
Φ(t, r)
E(r, ζ, ζ¯) ,
and
E = a(r)ζζ¯ + b(r)ζ + c(r)ζ¯ + d(r), ε = 0,±1.
Here a prime (') denotes ∂r.
The ase where ε = −1 is often alled the quasihyperboli Szekeres model
(for a detailed disussion on the quasihyperboli Szekeres models see [23℄),
ε = 0 quasiplane (for details see [23,24℄), and ε = 1 quasispherial (for details
see [25℄). Although it is possible to have within one model quasispherial and
quasihyperboli regions separated by the quasiplane region [23℄, only the qua-
sispherial ase will be onsidered here. This is beause the averaging within
the quasihyperboli and quasiplane requires a speial treatment. Firstly, an
area of a surfae of onstant t and r in the quasihyperboli and quasiplane
models is innite. Seondly, there is no origin  in the quasihyperboli model
r annot be equal to 0, and in the quasiplane r an only asymptotially
approah the origin, r → 0 [23℄.
In the quasispherial Szekeres model a surfae of onstant t and r is a
sphere of radius Φ(r, t) [17℄. Thus, the quasispherial Szekeres model is a
generalisation of the LemaîtreTolman model [18,19℄. Within the Szekeres
model shells of matter, however, are not onentri. The quasispherial Szek-
eres model beomes the LemaîtreTolman (LT) model when E ′ = 0. In this
ase
X =
Φ′√
1− k(r) , Y =
Φ
E ,
dζdζ¯
E2 = dθ
2 + sin2 θdφ2.
Originally, Szekeres onsidered only a ase of p = 0 = Λ. This result
was generalised by Szafron [26℄ to the ase of uniform pressure, p = p(t). A
speial ase of this solution, the osmologial onstant, was disussed in detail
by Barrow and Stein-Shabes [27℄. In the ase of p = 0 = Λ, the Einstein
equations redue to
Φ˙2 =
2M
Φ
− k, (12)
54piρ =
M ′ − 3ME ′/E
Φ2(Φ′ − ΦE ′/E) , (13)
where M(r) is another arbitrary funtion. In a Newtonian limit M is equal
to the mass inside the shell of radial oordinate r. Although the ρ fun-
tion, as seen from (13), is a funtion of all oordinates, it an be shown
that the distribution of mass over eah single sphere of onstant t and r
has the struture of a mass dipole superposed on a monopole, ρ(t, r, ζ, ζ¯) =
ρmon(t, r) + ρdip(t, r, ζ, ζ¯) [28,29,30℄. In general ase, the orientation of the
dipole axis is dierent on every onstant-(t, r) sphere.
The dipole ontribution vanishes when E ′ = 0 and then the Szekeres
model redues to the LT model.
The salar of expansion is equal to
Θ = uα;α =
Φ˙′ + 2Φ˙Φ′/Φ− 3Φ˙E ′/E
Φ′ − ΦE ′/E . (14)
The salar of shear is
σ2 =
1
3
(
Φ˙′ − Φ˙Φ′/Φ
Φ′ − ΦE ′/E
)2
. (15)
The spatial Rii salar
(3)R is equal to
(3)R = 2 k
Φ2
(
Φk′/k − 2ΦE ′/E
Φ′ − ΦE ′/E + 1
)
. (16)
In the LT limit these salars redue to
Θ =
Φ˙′
Φ′
+ 2
Φ˙
Φ
, σ2 =
1
3
(
Φ˙′
Φ′
− Φ˙
Φ
)2
, (3)R = 2(Φk)
′
Φ2Φ′
. (17)
4 Averaging in the quasispherial Szekeres model
This setion onsiders the volume averaging within the quasispherial Szek-
eres model. The volume is alulated around the observer loated at the ori-
gin. It will be shown that the dipole onguration does not aet suh quan-
tities as 〈ρ〉D, QD, or 〈R〉D . These funtions only depend on the monopole
onguration. First let us notie that the volume in the Szekeres model is
exatly the same as in the LT model (i.e. if E ′ = 0). Following the method
presented in [28℄ we obtain
VD =
rD∫
0
dr
∫ ∫
dζdζ¯ XY 2 =
rD∫
0
dr
∫ ∫
dζdζ¯
Φ2√
1− k
(
Φ′ − ΦE
′
E
)
1
E2
=
rD∫
0
dr
[
Φ2Φ′√
1− k
∫ ∫
dζdζ¯
E2 +
1
2
Φ3√
1− k
∂
∂r
(∫ ∫
dζdζ¯
E2
)]
. (18)
6Sine dζdζ¯/E2 is the metri of a unit sphere, hene∫ ∫
dζdζ¯
E2 = 4pi.
Thus
VD = 4pi
rD∫
0
dr
Φ2Φ′√
1− k . (19)
The same result is obtained if initially E ′ is set to zero. Thus, the dipole
omponent does not ontribute to total volume. As it will be shown below it
also does not ontribute to 〈ρ〉D.
〈ρ〉D = 1
VD
rD∫
0
dr
∫ ∫
dζdζ¯ XY 2ρ
=
1
4piVD
rD∫
0
dr
∫ ∫
dζdζ¯
E2
Φ2√
1− k
(
Φ′ − ΦE
′
E
)
M ′ − 3ME ′/E
Φ2 (Φ′ − ΦE ′/E)
=
1
VD
rD∫
0
dr
M ′√
1− k +
3
8piVD
rD∫
0
dr
M√
1− k
∂
∂r
(∫ ∫
dζdζ¯
E2
)
=
1
VD
rD∫
0
dr
M ′√
1− k . (20)
The average of the salar of the expansion is
〈Θ〉D = 1
VD
rD∫
0
dr
∫ ∫
dζdζ¯
E2
Φ2√
1− k
(
Φ′ − ΦE
′
E
)
Φ˙′ + 2Φ˙Φ′/Φ− 3Φ˙E ′/E
Φ′ − ΦE ′/E
=
4pi
VD
rD∫
0
dr
Φ2Φ′√
1− k
(
Φ˙′
Φ′
+ 2
Φ˙
Φ
)
. (21)
As above, E ′/E does not ontribute to the nal result and, as seen from (17),
the result is the same as in the LT model. To alulate the bakreation term
QD we still need to nd the average of the following quantity
2
3
〈Θ2〉D − 2〈σ2〉D = 2
3
1
VD
rD∫
0
dr
∫ ∫
dζdζ¯
E2
Φ2√
1− k
(
Φ′ − ΦE
′
E
)
×
(
Φ˙′ + 2Φ˙Φ′/Φ− 3Φ˙E ′/E
)2
−
(
Φ˙′ − Φ˙Φ′/Φ
)2
(Φ′ − ΦE ′/E)2 =
7=
2
3
1
VD
rD∫
0
dr
∫ ∫
dζdζ¯
E2
Φ2√
1− k
(
3
Φ˙2
Φ2
Φ′ + 6
Φ˙Φ˙′
Φ
+ 3
Φ˙2
Φ2
Φ
E ′
E − 12
Φ˙2
Φ
E ′
E
)
=
8pi
3
1
VD
rD∫
0
dr
Φ2Φ′√
1− k
(
3
Φ˙2
Φ2
+ 6
Φ˙Φ˙′
ΦΦ′
)
. (22)
This result is also the same if initially E ′ is set to zero. Finally let us notie
that 〈R〉D is also the same as in the ase of E ′ = 0. Averaging relation (16)
yields
〈R〉D = 1
VD
rD∫
0
dr
∫ ∫
dζdζ¯
E2
(
Φ′ − ΦE
′
E
)
2k√
1− k
(
Φk′/k − 2ΦE ′/E
Φ′ − ΦE ′/E + 1
)
=
8pi
VD
rD∫
0
dr
(Φk)′√
1− k . (23)
Inserting (20)(23) into (3) and (6) we see that the dipole onguration
ontributes neither to a˙D nor to a¨D. The volume aeleration, as well as the
volume deeleration parameter, depends only on the monopole distribution
 it depends only on funtions of t and r [i.e. M(r), k(r) and Φ(t, r)℄, and
not on ζ and ζ¯ [the dependene on E(t, r, ζ¯, ζ)) vanishes℄. Moreover, 〈ρ〉D,
QD, and 〈R〉D are literally of the same form as if initially E ′ is set to zero
(the LT ase).
5 Conlusions
In this paper the volume averaging within the quasispherial Szekeres model
has been investigated. The Szekeres model is a generalisation of the LTmodel.
The density distribution in the quasispherial Szekeres model has the stru-
ture of a time-dependent mass dipole superposed on a monopole. When al-
ulating the volume aeleration (a¨ to be more exat) or volume deeleration
parameter (q) within the quasispherial Szekeres, the dipole does not on-
tribute to the nal result and a¨ only depends on a monopole onguration.
The solutions are the same if initially E ′ was set to zero, thus the results
and onlusions found when studying averaging within the LT models also
apply to the Szekeres models. For example, we an, without any further al-
ulations, onlude that QD = 0 when k = 0. This is an impliation of the
result obtained by Paranjape and Singh [6℄ who showed that in the paraboli
(k = 0) LT model the bakreation term, QD, vanishes. Another result ob-
tained within the LT models whih, as has been shown, also appears to apply
to the Szekeres models is that QD > 0 is only possible for unbounded sys-
tems, k < 0 [9℄. However, as shown in [10℄, in most ases this also requires
that the bang time funtion, tB, is of amplitude of 10
10
y.
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